In this work we study the growth of cold dark matter density perturbations in the nonlinear regime on a conformally coupled quintessence model in which the background is designed to mimic a ΛCDM cosmology. The spherical collapse of overdense regions is analysed. We highlight the role of the coupling on the overall dynamics, trace the evolution of the density contrast throughout the cosmic history and compute perturbative parameters such as the critical density contrast. We find that the coupling has the influence of delaying the collapse due to the slower growth of matter perturbations. We follow to compute the cluster number counts using the Press-Schechter and Sheth-Tormen mass functions. In both cases, the transfer of energy between the dark energy field and dark matter suppresses the number of objects at low redshifts and enhances the number at high redshifts. Finally, we compute the expected cluster number counts for two future surveys -eROSITA and the South Pole Telescope -and shed some light on the possibility of discriminating models with these missions.
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I. INTRODUCTION
The mechanisms driving formation of structures in the Universe can properly be explored by tracking the evolution of matter overdensities in the nonlinear regime. Besides N-body simulations [1] [2] [3] [4] , the spherical collapse model [5] [6] [7] [8] has been proven to be a fruitful semi-analytic method to explore the dynamics of these overdensities in the earliest stages of their nonlinear regime. Considering a spherical overdense patch in the Universe, we are able to witness the growth, and subsequently the collapse, of this region due to the gravitational pull attributed to the matter perturbation δ m within it. If one considers models beyond the standard ΛCDM, there might be significant modifications on the dynamics governing the evolution of δ m . For example, the coupled quintessence models [9] [10] [11] [12] [13] [14] where dark energy [15] [16] [17] is described by a canonical scalar field φ allowed to interact with the matter species. Through this coupling, the scalar degree of freedom mediates a fifth force [3, 18, 19] , sourcing the gravitational potential through the Poisson equation and consequently affecting the equation describing the dynamics of matter perturbations. There might appear additional effects, such as damping terms which also suppress or enhance the growth of these fluctuations. Therefore, it is of great interest to study the influence of having such dark energy couplings on the evolution of overdensities and consequently on the formation of structure.
Spherical collapse in dynamical dark energy cosmologies has already been extensively studied in the literature [20] [21] [22] [23] . The standard minimally coupled quintessence scenario analysis was conducted in [24] where the influence of assuming different types of scalar field potentials on the spherical collapse dynamics was studied. The scalar field perturbations on the collapse was also carefully explored, assuming that dark energy may cluster alongside with matter. It was shown in [25] that a collapse with a coupling within the dark sector can leave particular imprints on the cluster number density. A thourough examination of the collapse for four different dark energy models was carried out in [26] . It was found that departures from the standard ΛCDM scenario may occur, and that these can be enhanced if there are inhomogeneities in the dark energy component. An analysis of interacting dark energy-dark matter cosmologies with a time varying coupling was explored in [3] . The specific form of the coupling naturally has an impact in the background cosmology. Hence, together with N-body simulations, it was found that the formation of cosmic structure and the nonlinear demeanor of matter perturbations are strongly dependent on the background evolution.
Indeed, the ΛCDM model has endured throughout most observational tests hitherto apart from some underlying theoretical motivations regarding Einstein's cosmological constant [27] [28] [29] [30] [31] [32] [33] . Hence, most models of dynamical dark energy proposed in the literature do not present large deviations from the standard model, particularly at the background level. Perturbatively however, there is a tension between redshift space distortions and the Planck data [34] [35] [36] in the amplitude of the matter power spectrum at the 8 Mpc scale, denoted by σ 8 . In this regard, it was shown in [37] , that it is possible to construct a coupled quintessence model with the particularity of being able to mimic the exact same background as ΛCDM, but still being distinguishable at perturbative level. This is done by imposing a posteriori that the Hubble rate H(z) matches the one of the standard ΛCDM model. In this way, background observations such as supernovae type Ia distances or baryonic acoustic oscillation observables, which are expressed only in terms of H(z), cannot discriminate between the two models. In [38] (see also [39] [40] [41] ) it was presented an interacting dark energy sce-nario with the same behaviour at the background level however in a different fashion: by considering couplings expressed in terms of the comoving 4-velocities of dark matter and dark energy the background cosmology is left unaffected, altering only the dynamics of inhomogeneous perturbations.
This manuscript is organized as follows: Section II exposes the model that is adopted in this work, the background dynamics and the procedure in order to fix the background. In Section III we discuss the spherical collapse model and present the nonlinear equations for the theory. We numerically solve the equations in Section III A, compute the value of the linear density contrast at collapse and analyse the solutions. The halo number counts for the Press-Schechter and Sheth-Tormen mass functions are computed in Sections IV and V, encompassing a spherical and an ellipsoidal collapse, respectively. In Section VI, we estimate the cluster number counts expected to be measured by two future surveys. First by the eROSITA 1 [42, 43] , which was recently lauched, and then by the South Pole Telescope 2 [44] [45] [46] . We discuss the possibility that these mission may be able to discriminate between models. Finally we conclude in Section VII.
II. MODEL
Our background cosmology will stand upon a flat Friedmann-Lemaître-Robertson-Walker (FLRW) line element
where a(t) is the scale factor and t the cosmic time.
In the present work, dark energy is described by a canonical scalar field φ, the quintessence field [9, 10] , with energy density and pressure respectively given by,
where V (φ) is the scalar potential. We assume that the quintessence field may couple to a pressureless cold dark matter (CDM) component with energy density ρ c . This interaction within the dark sector can be expressed through the conservation relations, considering conformal couplings of the form [37, [47] [48] [49] [50] [51] [52] ,
where κ 2 = 8πG, ∇ is the covariant derivative and β is a constant expressing the strength of the coupling, governing the energy flow between the dark species. Thus, the individual energy-momentum tensors of dark energy and dark matter are not conserved, though the total energy-momentum tensor of the theory is. Regarding the action formalism for these coupled theories we refer the reader to [47, [53] [54] [55] .
We also consider a non-interacting radiation component, consisting of photons and relativistic neutrinos, where the identity
holds.
In this setting, our species evolve in the FLRW background geometry as,
where V ,φ is the scalar field potential derivative with respect to φ and H =ȧ/a, the Hubble rate. The Friedmann and Raychaudhuri equations read
We follow to fix the background to be the same as in the standard ΛCDM model, following the same procedure as in [37] . This can be achieved through the assumption that the Hubble rates coincide, i.e. H(t) = H s (t), where H s is the Hubble rate of the standard ΛCDM model
where ρ Λ and ρ cdm = ρ 0 cdm a −3 are the energies densities of the cosmological constant and standard cold dark matter, respectively. Note that we only assume that the Hubble rates are the same, not the individual evolution for each species. With this assumption, we are able to find the particular form of the potential function that guarantees the condition H = H s . Hence, V is obliged to follow the dynamics of
Thus, the respective energy densities for the quintessence and the coupled cold dark matter components can be written respectively as:
We refer the reader to [37] for details. Taking the derivative with respect to (wrt) φ of Eq. (13) and substituting in Eq. (7) we find the background equation of motion for the scalar field which renders the background to a ΛCDM evolution,
We can write Eq. (16) using derivatives wrt the number of e-folds N = ln a, i.e. φ := ∂φ/∂N =φ/H, as
where
and we have introduced the relative energy density parameter of the i th -species,
The study of background and first order perturbations in this present model were conducted in [37] . The linear evolution of density perturbations is of great interest in cosmology, as it can provide direct observables, such as the power spectrum and the σ 8 parameter, which can be directly linked to observations. Nonetheless, there are certain phenomena that can only be captured by studying the nonlinear regime (see section 8 of [8] ). In the following section, we investigate some of these phenomena, in particular, the spherical collapse of matter fluctuations and the number of bound objects formed with a certain mass range at a given redshift [56] , and investigate the influence of the coupling on this quantity.
III. SPHERICAL COLLAPSE
Let us consider a CDM density perturbation, δ = δρ c /ρ c 1 (a bar denotes background quantities). As the perturbation grows along with its expanding background, at some point, depending on its scale, it may grow close to unity where the linear regime breaks down. Therefore, in order to have a grasp on the mechanisms driving structure formation we need to understand the nonlinear regime [49, 57] .
An overdense region of radius r first grows in size with the Hubble expansion but sooner or later, depending on the scale, it departs from the latter and collapses. The spherical collapse model [5, 8, 58] is an approach to trace the evolution of the perturbations on the primary phases of their nonlinear regime. This procedure assumes a certain overdense spherical (and non-rotating) region with a certain radius r(t). Birkhoff's theorem [59] states that the evolution of this radius depends solely on its enclosed mass. Hence, we can model this region as a sub-universe with ρ c =ρ c + δρ c with "scale factor" r,
The presence of a curvature term simply manifests that the spherical patch is positively curved as its density is larger than its critical (background) one due to the presence of the overdensity δρ c [18] . Note that the background quantityρ c evolves according to the standard Friedmann Eq. (12),
The main assumption of the spherical collapse model is that the overdensity δ follows a top hat (or step) function [17] , where
inside the spherical region, and δ = 0 outside. Assuming that initially the scale factors r and a are equal, i.e. r i = a i , and that the mass of the CDM particles of the background are the same as inside the shell, we may write [18] ,
From Eq. (23) it becomes evident that the divergence of the density contrast, δ → ∞, happens as the region collapses, r → 0. The second order equation for the evolution of the perturbations in coupled quintessence, in the small scales regime (Newtonian limit), were derived in [18] (see also [20, 60] ) from the full set of nonlinear hydrodynamical equations, and reads,
The presence of the scalar field adds an expansion friction term proportional toφ and the emergence of a fifth force, where the CDM component experiences an effective gravitational constant G eff = G N (1 + 2β 2 ) [18, 61] . The balance of these two effects has a direct impact on the growth rate of the matter perturbations [62, 63] . In the present work, the background is fixed in order to reproduce ΛCDM. Hence, we may write Eq. (24) replacingρ c using Eq. (15),
which can be written with derivatives with respect to N as
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where H /H is given by Eq. (18) . Linearizing Eq. (26) we recover the first order equations studied in [37] ,
In the following section we numerically evolve Eqs. (26) and (27) together with the background Eq. (17) and study how the spherical collapse parameters behave when the coupling parameter β changes.
A. The collapse of the matter density contrast Our simulations start in a radiation domination era, at N i = −14 (z i ≈ 10 6 ). The initial conditions for the quintessence field are taken to be φ i =φ i = 0, to guarantee that at early times the energy densities for the individual species coincide with ΛCDM (see [37] for details). Regarding the density contrast, we takeδ i = 0 and δ i < 10 −3 , well within the validity of the linear regime at early times [18] . We fix the parameters using the latest Planck 2018 values [64] , Ω and Ω Λ = 1 − Ω c − Ω r , and consider β 0. In [37] it was found that in order to mimic the same background as ΛCDM, the amount of CDM today must decrease with increasing β. Consequently, this leads to a slower growth of the matter fluctuations. This effect can be observed in Fig. 1 (gray lines) . This is ascribed to the term multiplying δ in Eq. (27) as it becomes smaller than Ω cdm due to the presence of the kinetic term −κ 2 φ 2 /3 [37] .
The non-solid lines of Fig. 1 portray the evolution of the nonlinear density contrast for different coupling values. As the perturbation grows, eventually the linear regime is broken, and the nonlinear terms start to dominate the evolution. When a sufficient amount of density contrast is gathered the collapse occurs, δ → ∞. As the growth of the matter fluctuation is slower for higher values of the coupling β, the perturbation takes longer to assemble the critical amount of matter for the collapse to happen. Hence, as we observe in Fig. 1 , the collapse befalls latter for larger values of β. Another quantity that is useful to characterize the spherical collapse model is the critical density contrast. This is defined as the value of the linear density contrast δ L when the nonlinear density contrast diverges, i.e. when δ N L → ∞. Running the simulation until δ N L diverges, we can extract the value of the redshift of the collapse z c as well as the linear density contrast δ c := δ L (z = z c ). We can then change the collapse time by varying the initial condition δ i , therefore obtaining different values for z c and the corresponding δ c . The results are shown in Fig. 2 , where ΛCDM (β = 0) is plotted in solid as a reference. As expected, we observe that increasing the value for the coupling parameter leads to higher values of δ c . As the growth is slower (for higher values of β), a greater amount of density contrast is required for the collapse to happen. An opposite effect was found in [65] considering disformal couplings [66, 67] .
IV. PRESS-SCHECHTER FORMALISM
One of the parameters computed in the last section was the critical density contrast δ c . This object is of great interest since it enters directly in the Press-Schechter formula [68] , which allows us to calculate the number density of collapsed objects, in a given mass range, over a volume and at a specific time in the cosmic history. This formalism stands upon the assumption that the matter density field follows a Gaussian distribution [69] prediction for the comoving number density of collapsed objects with mass between M and M + dM is [69] [70] [71] 
whereρ c := a 3 ρ c is the comoving matter density [56, 70] and the variance σ(z, M ) corresponds to the rms density fluctuation in a sphere of radius R, enclosuring a mass M . We can express the variance in terms of the growth factor g(z) := δ(z)/δ(0), at the fixed scale of R = R 8 = 8h
where M 8 = 6 × 10 14 Ω c h −1 M is the mass within the sphere and, following [26] ,
In the present work, we use Γ = Ω c h [65] and σ 8 := σ(0, M 8 ) = 0.811 [64] . We can convert the number density Eq. (28) into the effective number of objects with masses between M inf < M < M sup per redshift and square degree,
is the comoving volume element, r(z) being the comoving distance. One interesting feature observed in the present model, is that this object, Eq. (32), is independent of the value of β, in contrast with the standard dynamical dark energy models [26, 65, 70, 72] . This is due to the fact that it depends solely on the Hubble rate H(z) which we have assumed to always match the ΛCDM evolution.
Our main goal in this section is to investigate the influence of the coupling on the number of dark matter halos formed. To this end we consider masses within the range of galaxy clusters, 10 Fig. 3 we show the results for the comoving number counts of DM halos for β = 0 (solid), β = 0.05 (dashed) and β = 0.08 (dotted). We observe that the number counts are suppressed at low redshifts by the coupling and enhanced at high redshifts. This behaviour can be understood through two competing effects. On one hand, the mass function Eq.(28) decreases faster for models with higher δ c /σ. Therefore, one would expect the ΛCDM curve to take lower values of N . However, as this model presents a lower abundance for dark matter at present times [37] , the background quantityρ c in Eq.(28) has a direct impact on the mass function, leading to lower values at low redshifts. As ΛCDM decreases faster, there is a value of redshift where the curves intersect, hence, from this point onwards, the ΛCDM curve takes lower values for larger redshifts. This trend is depicted in Fig. 4 . A similar behaviour was found in [26] , however due to a completely different cause: the suppression of the Press-Schechter function at low redshifts was induced by deviations in the volume element (and not from the comoving matter density as in the present work) when varying the equation of state parameter for the dark energy fluid.
It is also useful to calculate the integrated number of objects in the full sky up to redshift z, simply by integration of Eq. (3), that is,
The results for N are presented in Fig. 5 . We observe that a coupling of β = 0.05 leads to a higher integrated number of dark matter halos at higher redshifts. On the other hand, for larger values of β the suppression of the mass function at low z is significantly more pronounced, ultimately causing the integrated number of halos to remain below ΛCDM even for higher redshifts. We end this section with a side remark, to bear in mind that throughout this work we have assumed all parameters, aside from the coupling β, to be fixed since our aim was to focus solely on the role of the interaction. However, we have verified that, for example, if one allows σ 8 to also vary, a degeneracy between the free parameters appears. With increasing σ 8 the expected number count significantly increases. We ilustrate this trend in Fig. 6 .
In [25] , an interacting dark energy-dark matter model was considered such that in the first part of the work, the analysis is conducted for a fixed σ 8 = 0.8. In the second part, the results are given for a tuned σ 8 such that all models yield the same number density of halos at z = 0 (in such case, different models may acquire different values of σ 8 ).
V. SHETH-TORMEN MASS FUNCTION
The pioneering model proposed by Press and Schechter is successful in capturing a general picture of the distribution of objects in the Universe. Nonetheless, from simulations it is known [73] that the PS formula predicts a higher abundance of dark matter halos at low redshifts and a lower abundance at high z. This fact led Sheth and Tormen [74] to formulate a modification of the PS formalism, assuming an ellipsoidal model for the collapse of the density contrast region, providing a modified mass function which seems to be in better agreement with simulations [75] . In this section we compare the numerical results for the abundance of dark matter halos from the last section, with the ones using the Sheth-Tormen formalism.
The Sheth-Tormen (ST) mass function can be written as,
where a and p are parameters and A is a normalization constant (see, for example, [73, 74] for details). Following [73, 76] , we use the values (a, p, A) = (0.707, 0.3, 0.322).
Note that the standard Press-Schechter mass function is recovered for (a, p, A) = (1, 0, 1/2). In the right panel of Fig. 3 we display the comoving number counts of dark matter halos for the Sheth-Tormen mass functions, for the coupling values of β = 0 (solid), β = 0.05 (dashed) and β = 0.08 (dotted). The impact of the coupling follows the same trend as in the PS formalism however more pronnouced: for example, the repress on the number of objects at low redshifts can be prolonged up to higher z. As it is known [73] the ST mass function suppresses the number of objects at low redshifts and enhances that number at high redshifts when comparing to the PS formalism. This trend can be better seen in Fig. 7 where we show the number difference between the PS and the ST formalisms. The discrepancy between the Although the ST model gives a better fit to numerical simulations of the distribution of halos compared to the standard PS, N-body simulations have been able to find improved fitting mass functions [77] for a wide variety of cosmologies. However, for the scope of this work either the PS or the ST functions attend our purposes.
VI. OBSERVATIONS
The importance of linking the theory predictions with observational data leads us to this present section. In regard to our previous analysis, we follow to compute the predicted number of cluster-sized objects for future surveys and shed some light on their ability to distinguish between theoretical models. Prior studies have implemented a similar analysis for different theoretical models, such as disformally coupled [65] , thawing [73] and freezing [76] models of dark energy.
The South Pole Telescope (SPT) is expected to conduct a survey on galaxy clusters, covering an area of approximately 4000 deg 2 (corresponding to a fraction of the sky of f sky ≈ 0.097) using the Sunyaev-Zel'dovich (SZ) Effect [78] . The flux density limit of the survey is f ν0,lim = 5 mJy at ν 0 = 150 GHz. This limiting flux will set the (lower) limit on the observed halo mass. The flux-mass relation can be found through a set of scaling relations [79] , which depend on the cluster physics and the properties of the survey. We refer the reader to [79, 80] as in [76, [80] [81] [82] , we use the relation,
to find the limiting mass (obviously, redshift dependent), d L (z) being the luminosity distance. One might be inclined to think that Eq. (35) would predict different values for M depending on the dark energy -dark matter coupling β through the Hubble rate H(z). Indeed this is true for standard coupled quintessence models in which H is allowed to deviate from the standard ΛCDM values. Here however, the choice for the potential, Eq. (13), guarantees that, independently of the value of β, the Hubble factor H(z) is always the same as in ΛCDM.
To compute the estimated number counts of galaxy clusters for the SPT SZ survey, N , we solve Eq.(31) with the integration being performed from M inf = M lim := max M l , 10 14 M , where M l is the mass limit (related to the limiting flux) obtained by solving Eq. (35) . As the survey only covers a portion of the sky (f sky = 0.097), we need to multiply Eq. (31) by f sky , to only capture the objects within that region. In our numerical simulations we integrate up to a mass of M sup = 10 16 M as no structures are expected to form with larger masses. We also checked that increasing this upper bound does not affect our results.
In the left panel of Fig. 8 we report the predicted number of galaxy clusters for the SPT SZ survey along redshift, using the Press-Schechter mass function for β = 0 (solid), β = 0.05 (dashed) and β = 0.08 (dotted). The values for ΛCDM are of the same order as the ones found in [81] . We expect that the number of detected galaxy clusters should peak at around z ≈ 0. between dark energy and dark matter leaves an evident signature in the spectrum of N . It is also crucial to analyse if the differences for the coupled models to the standard ΛCDM are within the range in which the survey will be able to discriminate. This difference is shown in the left panel of Fig. 9 . Clearly there is a substantial discrepancy on the number counts predicted by the different models. This difference peaks around z ≈ 0.35, where ∆N ≈ 25 000 for β = 0.08 and ∆N ≈ 10 000 for β = 0.05. These values are well above the estimated SPT uncertainty ∆N ≈ 100 − 150 clusters [83, 84] . Hence, this suggests that in principle it would be possible to distinguish between ΛCDM and coupled quintessence models with the future SPT SZ survey.
The second survey that we shall address here is the X-ray telescope eROSITA. Compared with the SPT, it covers a much wider fraction of the sky, f sky = 0.485. The limiting energy flux in the band [0.5, 2.0] KeV is f lim = 3.3 × 10 −14 erg s −1 cm −2 . To convert the limiting flux to a mass, in order to perform the integration of the expected number counts, we follow the procedure of [81, 82] . Specifically, the relation between bolometric X-ray luminosity and mass can be written as
Analogous to the previous survey, we then find the limiting mass by solving Eq. (36) in M with the luminosity given by L = 4πd
The parameter c b is a band correction necessary to convert from a bolometric luminosity into the eROSITA energy band [79, 82] . In this work we set c b ≈ 1.5.
The value of the limiting mass with redshift for several dynamical dark energy cosmologies in the context of both surveys can be found in [79] .
The results for the expected halo number counts is depicted in the right panel of Fig. 8 and in the right panel of Fig. 9 we show the difference on the halo counts relative to the standard ΛCDM. Clearly eROSITA is expected to measure a higher number of clusters than the SPT, peaking at z ≈ 0.28 where the differences relative to ΛCDM, at this redshift, are ∆N ≈ 47 000 and ∆N ≈ 110 000 for β = 0.05 and β = 0.08, respectively. These numbers are much higher than the expected eROSITA sensitivity of ∆N ≈ 500 [42, 76] suggesting once again a possibility to discriminate between models with eROSITA. The values found for N with β = 0 (ΛCDM) are, as expected, consistent with prior studies [65, 81] .
It is worth mentioning that the forecast methods applied in this section, for both the SPT and eROSITA surveys, were conducted using the Press-Schechter mass function. Nonetheless, we have numerically verified that the ellipsoidal collapse model of Sheth-Tormen, described in Sec. V holds the same conclusions of the spherical model, with values of ∆N being remarkably close to the ones found for PS in Fig. 9 .
A last remark that should be addressed is the fact that we have chosen not to include baryons throughout this work. At this level it is reasonable to assume that the baryons only evolve as dust. Its main effect is to add a separate uncoupled species of matter, thus diluting the impact of the coupling. By adding the baryon fluid the reference value for the parameters may change slightly, but overall our main conclusions will remain unaltered.
VII. CONCLUSIONS
In this work we discussed a coupled quintessence model tailored to mirror a ΛCDM evolution at background level, having explored the particular imprints left by the interaction on the spherical collapse parameters and on cluster abundances. We have shown that the transfer of energy from the dark matter component into the quintessence field leads to a slower growth of the matter density contrast. In other words, the perturbation evolves longer before the collapse takes place and, consequently, we obtain higher values for the critical density contrast δ c as the coupling β increases. We used two different mass functions to compute the halo number counts. In both cases we obtain an enhancement on the number of objects at high redshifts and a suppresion at small redshifts compared to the standard ΛCDM scenario. We also estimated the expected number of clusters that can actually be observed in two future surveys -the eROSITA satellite mission and the South Pole Telescope SZ survey. In principle, these missions should be able to distinguish between ΛCDM and a model with non-zero coupling. Of course the result is also highly dependent on other cosmological parameters, and in particular σ 8 , so that the degeneracy can only be lifted with a precise determination of these parameters from independent observations. Bear in mind that allowed values of the coupling can also depend on the value of σ 8 [37] . One distinct feature of this model, in contrast with a standard coupled quintessence, is the fact that the volume element present on the cluster spectrum Eq. (31) and the limiting mass of each treated survey do not vary with the coupling and have the same values as ΛCDM. This is due to the fact that both this quantities depend only on the background function H(z), which here is settled to evolve as a ΛCDM cosmology.
With this work we see that the analysis of the nonlinear collapse in this coupled dark energy model is a promising way of testing it against the standard ΛCDM model. This result will have to be confirmed with a more rigorous analysis, for instance resorting to N-body simulations as was carried out in [85] for the usual coupled quintessence models.
